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Abstract— Aggregated retailers’ total order to the
supplier is one of the factors that contribute to he
Bullwhip effect in two-echelon supply chains. Thouly
the estimation of the variance of the total of ordes is
hard to be computed, this paper contribution is to
provide two approximations to the ratio of the
aggregated retailer orders variance at the supplieside
with respect to the market demand variance. Using
these approximations few managerial insights can be
considered in real practice based on retailers'(S,s)
inventory policies and a supplier fixed periodic re@iew
inventory policy. In addition an optimal review period
is derived that minimizes the variance ratio in thecase
of low market demand rate.
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1. Introduction

The Bullwhip Effect in Supply Chain management is
a widely recognized phenomenon in supply chain
management where many researchers attempted
various approaches in order to study its
circumstances and understand its consequences. One
of the first of works that was conducted on this
phenomenon is found in [1] where a Markov chain
model for the aggregated demand of retailers was
developed assumin@, s) inventory policies used by
retailers. The variance of the total order quantty
individual retailer during a fixed time period was
explicitly derived in this paper, as well as the
variance of the aggregated orders as received dy th
supplier. This same paper also proved the statlstic
independence of retailers’ orders.

The authors of [2] considered an optimization
approach to derive the optimal production decisions
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under demand uncertainty. The name “Bullwhip
Effect” was first introduced [3] to call the variam
distortion of the supplier production. The authofs
this work based their findings on empirical data an
specified few factors that lead to such phenomenon.
A mathematical model was suggested in [4] to help
stabilize this phenomenon. On its part, [5] projpose
some approximation tools to analyze the effect of
changes in various parameters of (8gs) inventory
policies that would lead to the variability in
aggregated orders upstream the supply chain.

Most recently, simulation models were developed in
[6] to test various inventory policies on reducihg
bullwhip effect in multi-echelon supply chains. A
portfolio theory was used in [7] to adjust the arde
guantities based on their order variance, and & wa
argued in [8] that certain replenishment policias ¢
stimulate the Bullwhip effect while other may
actually reduce it. The latter suggested few rites
select the appropriate policy that would mitigdte t
bullwhip effect to occur. Several scenarios
concerning lead times between warehousing and
retailers were examined in [9] to investigate the
impact of third party warehousing on three-echelon
supply chain order variance. Later on, it was shtbwe
in [10] that aggregation of retailer orders ovendo
periods can hide the size of the Bullwhip
phenomenon and emphasized the need to choose
appropriate times to identify its existence.

This paper establishes two approximations for the
bullwhip effect variance ratios of the aggregated
retailers’ orders, where the first is based on the
renewal theory of the market demand process and the
second approximation uses existing results that are
based on Markov chain models both for two-echelon
supply chains. The exact derivation of the variaoice
aggregated retailers’ orders proved to be very.hard
The paper considers simple Poisson process of the
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market demand where items are ordered in units and
assumes as well that the market is partitioned gmon
a number of independent retailers.

The two approximations that are considered could be
realized in two different situations of the market
demand process. The first assumes low demand rate
and uses the results of [1], while the other issuse
second-order approximation of the variance of a
renewal process at limiting conditions of high
demand rates as derived in [11] and more elaborated
in [12] is applied. This paper provides direct tesu

of these two approximations and suggests managerial
insights and suggests policies that may exist in
practice.

2. The Market Renewal Process Model

A simple two-echelon supply chain that consists of
single supplier and few retailers is assumed for
simplicity where the market demand process occurs
according to a homogeneous Poisson process with
constant demand rate equalto

Considerm retailers who share the market according

to a probability distributiorp; fori = 1,2,...,m. The

fact that the market demand follows a homogeneous
Poisson distribution leads to the result that each
retailer will entertain his shared demand in the

market independently from the other retailers and
with fixed rate equal tp;A

Also assume that th€S,s) inventory policy is
common for all retailers with different order
quantities Q;, i = 1,2, ...,m, set independently by
each retailer. Clearly all order quantiti€s’s are
constant due to the assumption of {lfes) policies.
All lead times are assumed zero so that the foglis w
remain only on the impact of the order quantities o
the variance of the total of all retailers’ ordexs
received by the supplier.

Since the aim of this paper is to estimate theavee

of the total of all orders made by the supplier's
customers, i.e the retailers, within a fixed period
equals taR, which can be considered to be the review
period in a periodic review policy used by the
supplier.

Under these assumptions, |¢¥;,t> 0} be the
market demand process which is a Poisson process.
The mean demand during periRds thereforeiR.

Similarly each retailer market demand will follow a
Poisson process, which during the supplier's review
period R will have a mean demand equals pglR

This is true because we assumed the Poisson market
demand process and consequently, the retailers’
shares in the market form a partition.

On the other hand, the fact that the shares of the
suppliers in the market demand follow Poisson
distribution yields to the fact that the times beén
two subsequent sales at a retailer are independentl
and exponentially distributed. As each retailer esak
a replenishment order to the supplier only affer
units are sold to the market, this means thatithest
between his replenishment orders follow a random
variable, sayf;, which is the sum of a number @f
independent exponentially distributed random times.
Therefore,T; are distributed according to a Gamma
density function with parametel® andp;AR, and
this is the same for every retailer

Furthermore, while all the times between retailer’'s
orders are independent, then the ordering procgss b
each retaileri is subject to a renewal process, say
{N;(t),t > 0}, that counts the number of orders he
makes during the supplier’s review periBdLet the
total quantity of such retailer's orders duriRgbe
defined byX;(R) = Q;N;(R), then consequently, the
aggregated orders to the supplier from all retsiler
the total X(R) = X%, X;(R). The goal now is to
estimate the mean and variance of the aggregated
total of all retailers’ order¥ (R)

By the renewal theorem, the meam\pft) is

EIN(R)] = P2% . (1)

Using (1) to estimate the mean ®B{R) to get the
mean of the whole market demand, it follows that

BX@®] =) ELX(R)]

> QBN

m PiAR
SRE
=1 Qi
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m

=1

= AR, )

which is an obvious result. But on the other
hand,

VAR[X(R)] = z: VAR[X,(R)]

= XL, Qf VARIN;(R)]. ®3)

Since {N;(t),t >0} is a renewal process, the
computation of its variance is essentially hardreve
for the simple Poisson process.

This paper aims to develop two approximations & th
variance ofX;(R): The first approximation considers

a Markov chain model for the retailers inventories
developed by [1] and uses it for low market demand
rates. The second approximation makes use of a
second-order approximation for the variance of a
renewal process as derived by [11] and investigated
further by [12], and can be applied for large
supplier’s review perio® or high market demant

model
Low

3. The Markov Chain
Approximation Scheme
Market Demand Rate

for

In [1], the variance of the sales for retaiiewas
derived by a Markov chain approach under the
assumption thaﬁgi:_olﬁ(y) =1, wheref;(") is the
probability density function of the market sales at
retaileri. This can be used as an approximation when
the market demand rakds low.

The lemma below proves that the tail probabilités
the Poisson distribution for low demand ratean be
approximately considered to be zero

As a consequence, similar to the finding in [1f th
number of orders that are set by retaileluring the
supplier's review periodR will be either 0 or 1.
Hence,E[N;(R)] = E[N?(R)] and this in turns leads
to

Var[N;(R)] = E[N?(R)] = (E[N;(R)])?
_ plAR p,';{R 2
T ( Q; )

-Cop-e] @
Therefore,
Var[X;(R)] = Q?Var[N;(R)]

QR [1-(B5)] )

Since all retailers’ sales are mutually independent
they make an independent partition of the total
Poisson market demand process, then

Varlx(®)] = AR 3, piQi [1 - (%)) ©)

Knowing that the market demand variancéRs then
the Bullwhip effect variance ratio, say, is

_ Var[x(R)]
17 yarly(R)]
= X1 piQ [1 - (%)] (7)

Recall however, that this result requires the cioori

in [1] where Zgi:_olfi(y) =1, which is not exactly
fulfiled for the Poisson demand probability
distribution but can however be approximated as it
will be shown in the following Lemma.

Based on the fact that the above ratigannot be
negative, then for it to be valid, it requirés >
piAR. The following Lemma shows that this
condition approximately meet the requirements ef th
results in [1] simply because in this cg5€y) = 0
fory = Q;.

Lemma: Given large enough positive integers @ and
Mforanyy = M

M2a=>ﬁ-(y)=e“"a7}: =0 (8)

Proof: Takea = 1 an integer, for a Poisson
distributionf;(y) we have

() = (14]) @

a

filarn) _
fi(a)

a
Knowing thatlim,_,, (1 + i) = e, itis enough to
a
prove tha(l + é) is monoatically increasing to

deduce tha(l + %)a < e for every finitea.

For this purpose, the first derivative for the ftion
900 = (1+3)is
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g (x) =

(1) [0+ D) (14 +1]

It is then clear thag (x) > 0 for x > 0. Thus the
function g(x) is increasing fox = 0. This is
especially true for integer numbers. ]

(10)

The above result also means tifgir + 1) < f;(a)
for every finite integewr, and since eacfi(a) = 0,
being probability terms, then consequently

lim,_,, fi(@) = 0 and thereforef;(a) = e‘“% ~0
for largea. Furthermore, for even a bigger integér
where M > a it is becomes clear thaf;(y) =

_q Y

1 ~0wheny> M > a.

The result in the above lemma is therefore applécab
when every retailer orders a constant quantity
Q; = p;AR, where the probability terms for orders
bigger than or equal tQ@; will be almost zero, and
thus the above approximation becomes valid.

4. The Second-Order Renewal Theory
Approximation

A second-order linear approximation to the variance
of the counting process for a renewal process was
worked out in [11] as well as [12] to be:

Var[N;(t)] = at+b (12)
ast —» oo, where
a=pu3, —ur?) = uro?, (12)
and
b=EM_4 2_2,-3, 40,2
P H2 — STl H1" U2
_ 1 _
=3ur’uaiy + Spu,  (13)

Here,u, is thert® moment andr? is the variance of
the renewal function for which the counting process
N;(t) is defined.

By computing these moments and the variance for
the Gamma process whose scale parameter is the
retailer order quantityQ;, and shape parameter is
equal to the Poisson market demand mgte we
obtain

_ Qi(Qi+1)(Q;+2)+(Qi+1)
T ()" '

When substituted in the approximation of the
variance of the number of a retailer orders, we get

(14)

a= ’Z—f andb = %(1 - Q—lz) (15)
Therefore,
iA
Var(N(©)] ~ 2 t+%(1 —Q—lz) (16)

So, the variance of the order quantity during denev
periodR for the supplier will be

Var[X;(R)] = @} Var[N;(R)]
~pAR+(QF 1. (17)

The variance of the total orders received by the
supplier from all retailers during the supplier's
review period is

Var[X(R)] =

~ T piAR + = (QF — 1), (18)

2y Var[X;(R)]

that is,

varlx(R)] ~ AR + £, @20,

(19)
Therefore, the second approximation for the
Bullwhip effect is derived by dividing the supplier
order variance as obtained above, by the Poisson
market demand variand&, thus

v 2 1430 = (QF - D). (20)

This result is useful when the review cy#las large.

It is also useful when the market demand ratis
high where the assumption of [1] is no longer valid
In either case, multiple retailer orders to thepdigp

is possible during the supplier review period.

5. Managerial Implications

The following discuss the practical implicationg fo
special cases regarding the bullwhip effect ratios
obtained in (7) and (20).

5.1. Case 1: Market Dominating Retailer

When one retailer dominates a given market over
other competitors, that is that market sales pantit
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of the market is reduced to a single retailer whlle
other shares are practically zero. This is reflbéte

rn=0(1-%)=0-& (21)

where Q is the order quantity for this retailer.
Obviously, as it was assumed tigat> AR, theny, is
obviously larger than one and gets bigger @s
increases. It is therefore recommended in this case
that the supplier should consider the acquisitibn o
this retailer or attempts to interfere in its opfienas.
Policies such as Vendor Managed Inventory can also
be used in order to have better control on therorde
variance amplification due to the Bullwhip effect.

5.2. Case 2: Equal market shares by
retailers

Another extreme situation concerning retailers
competition is realized when all retailers’ shanes

the market are equal. In this capg= % wherem is

the number of retailers. Here the bullwhip effextta
becomes

1= — (SR, Q; — AR). (22)

Define Q = % to be the average of all
2

is clear then that when the number of retaiters
increases, the bullwhip effect variance ratio also
increases unless the supplier management work
on lowering the retailers order quantities in order
to reduce) at the same time.

retailers order quantities, then = Q —

5.3. Case 3: Large market demand rate

When the market demand rateincreases, the first
approximation of the Bullwhip effect ratio will no
longer be appropriate since the required condition
[1] will no longer holds. Therefore, the second
second-order renewal approximation of the bullwhip
effect variance ratio, i.ez,, is hereby considered. It
is clear that this ratio asymptotically approactees.

It is assumed in this case that the review peRad
constant and that the retailers’ order quantifigsor
i=1,-,mare finite.

It can also be argued that when the market demand
rate increases, it will lead to an increasing nundfe

retailers in the market and thus, the order guestit
by these retailers will remain finite. Hence, it is
recommended that the supplier should increase the
number of retailers in the market in case that the
market demand increases.

5.4. Long Supplier Review Periods

Similar result to Case 3 above is also true when th
supplier review period is long enough to have
multiple single retailer orders during one review
cycle. However, this policy is not preferred as it
increases the warehousing costs to the supplier in
order to meet adequate service levels to the eesail
The following section actually supports the argutnen
that longer review periods are not adequate in
common practice.

6. Optimum Review Period for Low
Market Demand in the Case of EOQ
Retailer Order Quantity

In an extension to the above analysis, if one can
assume as mostly common that each retailer order is
proportional to the square root of the market sales

mean rate, that i9; = C;\/p;AR, where C; is a
constant, then the derivative gf with respect t@ is

W _ vm _Cipi

L P s — ARTE, PR (23)

Setting (23) to zero to get the optimal review peéri
as

m Ci |Pi

=124 2

m 2
Zi=1 p;

R* = (24)

As it shows, R* is inversely proportional to the
market demand rateé That means that products with
higher market demand rate require smaller inventory
review period. This will ultimately lead to a
continuous review policy, which will be better than
the periodic review policy in such case.

7. Conclusion

In this paper two approximations were derived Far t
ratio of the aggregated independent retail orders
variance to the market demand subject to the
Bullwhip Effect. The first approximation considers
low market demand rate situation while the second
uses renewal theory approximation for the case evher
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the market demand is high and/or the supplier's
review period is long. Some useful managerial
insights were discussed in each situation. Future
work needs to take place to extend these results to
correlated retailer orders to the supplier. Bouads
the variance ratios may also be the aim of future
research. Lastly, an optimum review period for the
supplier is derived in the case of low market dednan
rate.
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